Results: This paper describes the principle and rigorous examination of a novel, dedicated resolution algorithm enabling, for the first time, real-time post-processing of the outputs from standard commercial instruments.
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INTRODUCTION
The principle of Laser Doppler Vibrometry (LDV) relies on the detection of a Doppler shift in the frequency of coherent light scattered by a moving target, from which a time-resolved measurement of the target velocity is obtained. The Laser Vibrometer is now well established as an effective non-contact alternative to the use of a traditional contacting vibration transducer. Laser Vibrometers are technically well suited to general application but offer special benefits where certain measurement constraints are imposed, for example by the context, which may demand high frequency operation, high spatial resolution or remote transducer operation, or by the structure itself, which may be hot, light or rotating.
Measurements directly from rotating targets have often been highlighted as a major application of Laser Vibrometers because of their non-contact operation and inherent immunity to shaft run-out (shape). Indeed, one of the first reported LDV applications, from 1969, was for axial vibration measurement directly from a rotating turbine blade [1] .
Investigations of magnetic discs [2, 3] , bladed discs [4, 5] , spindle vibrations [6] and modal analysis on rotating discs [7] are typical and more recent examples of translational rotor vibration measurements that can be made using a single probe laser beam. Parallel beam arrangements, for angular vibration measurements, have also been used in rotor applications, for example for assessment of torsional damper health [8] and crankshaft bending vibration [9] . Single beam scanning arrangements [10] [11] [12] are also now commonplace with applications in modal analysis [13, 14] and for axial rotor vibrations [15] [16] [17] .
In fact, much of this previous work has concentrated on axial and torsional vibration measurements which are relatively straightforward. A second feature, especially in the earliest work, was prediction of acceptable performance but only in the presence of a single Copyright © 2006 by ASME vibration component, neglecting the effects of other components present in the more complex motions likely to be encountered in practice. It is now known that in radial and pitch / yaw vibration measurements on rotors, which are the focus of this paper, the presence of a velocity component due to the rotation itself has an important effect on the measured velocity. The effect was first reported for radial [18] and then for pitch / yaw vibration measurements [9] ; significant sensitivity is found to both speed fluctuation (including torsional oscillation) and motion perpendicular to the intended measurement. Even these were still, at the time, only special cases of the full velocity sensitivity [19] when a laser beam is incident in an arbitrary direction on a rotating target requiring three translational and three rotational coordinates to describe its vibratory motion. This paper begins with a short review of this comprehensive velocity sensitivity model. This novelty of this paper lies in the introduction of the new and essential post-processing algorithm for resolution of these cross-sensitivities, both in the theoretical basis of the algorithm and in its practical implementation. The algorithm is the core of a LabVIEW-based system that controls the whole measurement task from acquisition of raw data to presentation of resolved spectra. The performance of the algorithm in the presence of typical measurement noise and other likely measurement errors is explored in detail to demonstrate its robustness and the paper concludes with a short engine crankshaft vibration survey to confirm the suitability of the system for real engineering measurements.
COMPREHENSIVE VELOCITY SENSITIVITY MODEL

TOTAL VELOCITY MEASURED AT A POINT BY A LASER VIBROMETER
With reference to Figure a, the case considered is that of an axial element of a shaft of arbitrary cross-section, rotating about its spin axis whilst undergoing arbitrary, six degree-ofCopyright © 2006 by ASME freedom vibration. A translating reference frame, xyz, has its origin, O, fixed to a point on the shaft spin axis with the undeflected shaft rotation axis defining the direction and position of the z axis. The time dependent unit vector R ẑ defines the changing direction of the spin axis, which deviates from the z axis as the shaft undergoes angular vibration. P is the instantaneous point of incidence of the laser beam on the shaft and is identified by the time dependent position vector P r r .
The direction of the incident laser beam is described by the angles β and α as shown in Figure 1b . The convention used is that the laser beam orientation is initially defined by x , followed by rotation by an angle β around ŷ , then by an angle α around ẑ . Clearly, the choice of orientation of the reference frame, xyz, relative to the structure lies with the user.
Since β and α are finite rotations, their order must be maintained.
In the usual configuration, where the target beam is collected in direct backscatter, a Laser
Vibrometer measures target velocity in the direction of the incident laser beam. Provided that the illuminated axial element of the shaft can be assumed to be of rigid cross-section, the velocity measured by a laser beam incident on the shaft surface, U m , is given by [19] : (referred to as pitch, yaw and roll, respectively), Ω is the angular velocity of the axial shaft element (combining rotation speed and any torsional oscillation), and (x 0 , y 0 , z 0 ) is the position of an arbitrary known point that lies along the line of the incident beam. Equation (1) shows that the total measured velocity is the sum of six terms, each a product of a combination of geometric parameters, relating to the laser beam orientation, and an inseparable combination of motion parametersthe vibration "set".
ISOLATION OF INDIVIDUAL VIBRATION SETS
Since the first description of the cross-sensitivity problem [18] , there has been discussion about whether a particular arrangement of laser beams or a particular variation of the Resolution is essential and is the purpose of the study presented here.
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Translational Vibration Sets
With reference to Figure 1a , measurement of the x radial vibration set requires that the Laser Vibrometer is aligned so that it passes through the centre of the shaft and along the x axis, i.e. α = β = 0° and the alignment offset, y 0 , is zero. Substituting these values into equation (1) and setting z 0 = 0 so that the plane of the origin of the xyz reference frame and the "measurement plane" are coincident, since this is merely a matter of definition, results in:
Similarly, alignment through the centre of the shaft and along the y axis, i.e. α = 90°, β = 0°
and the alignment offset, x 0 , is zero, enables the y radial vibration set to be isolated:
Since the third set of terms in equations (2a&b), ( )z
, are products of vibration parameters, they are typically an order of magnitude smaller than the first two terms and simulation has confirmed that they are insignificant. In addition, the shaft rotation and roll motion are generally difficult to distinguish and because later experimentation uses a Laser Rotational Vibrometer for angular velocity measurement, it is convenient to consider total angular velocity,
. Finally, it is not possible to align the laser beams perfectly and so it is necessary to include non-zero x 0 and y 0 . The x and y radial vibration set measurements, U x and U y , are therefore given to an acceptable approximation by:
and
Rotational Vibration Sets
Isolation of each rotational vibration set is impossible with a single laser beam and is best achieved using a parallel beam arrangement. Repeated application of equation (1) Ω and y Ω , are given to an acceptable approximation by:
Since equations (3a&b) and (4a&b) have the same form, the radial and pitch / yaw crosssensitivity problems are equivalent and a solution for resolution of radial vibrations will be immediately applicable to resolution of pitch / yaw vibrations. For brevity, this paper is set out in terms of radial vibration measurements only. Full experimental validations of equations (3a&b) and (4a&b) have been presented previously [9, 18, 19] .
RESOLUTION ALGORITHM
Experimentally, two simultaneous, orthogonal Laser Vibrometer measurements are required,
isolating the x and y radial vibration sets as described in section 2.2.1. These are combined
Copyright © 2006 by ASME with a simultaneous rotational angular velocity measurement. The novel resolution algorithm presented here is the core of a resolution system that is, for the first time, able to complete the full processing task from acquisition of raw data to presentation of resolved spectra. Its performance will be investigated in considerable depth, in subsequent sections, from the perspective of real measurement conditions.
The full resolution algorithm is written in the National Instruments LabVIEW software and comprises two parts. A constant angular velocity resolution algorithm is followed by a correction algorithm specifically intended to correct the effects of time dependency in the rotational angular velocity such as torsional vibration or speed fluctuations. LabVIEW constitutes a powerful tool for this type of exercise since it is possible to design algorithms and then test them using simulated signals, for which the algorithm outputs can easily be compared with the desired outputs, before straightforwardly reconfiguring the code to make use of actual measured data.
RESOLUTION ALGORITHM DEVELOPMENT
By separating the rotational angular velocity term into mean and time dependent components,
, and considering AC-coupled Vibrometer outputs, x Ũ and y Ũ , equations (3a&b) become:
Integrating equation (5b), substituting for y in equation (5a) and neglecting DC terms leads to the following integro-differential equation describing the intended measurement parameter, in this case x-radial vibration:
The right hand side of equation (6) It has proved convenient to proceed in the frequency domain, where quantities can be straightforwardly integrated or differentiated at any given frequency:
where ( ) 
The equivalent expression for the y radial vibration is obtained in the same fashion:
Similarly, but in this case making use of equations (4a&b), the pitch and yaw vibration velocities can be calculated:
This need for this weighting function is a further reason to utilise frequency domain processing. The first bracketed term on the right hand side of equations (8a) to (8d), referred to as the Vibrometer outputs term, is a function of the three channels of measured data, namely the two Vibrometer outputs and the mean rotational angular velocity. The second bracketed term in equations (8a) to (8d), referred to as the oscillation-displacement term, is dependent on the rotational angular velocity, which can be measured, and the vibration displacements, x and y, which are obviously unknown because they are the intended measurements. The third bracketed term on the right hand side of equations (8a) and (8b) is dependent on the rotational angular velocity, which can be measured, and the offsets, x 0 and y 0 , which cannot be measured. This term, which is referred to as the oscillation-offset term, can be minimised by careful alignment of the single beam Vibrometers with the target rotation axis. This minimisation is not a concern for pitch / yaw vibrations since the oscillation-offset term is not present in equations (8c) and (8d).
CONSTANT ANGULAR VELOCITY RESOLUTION ALGORITHM
If the angular velocity variation is small relative to the mean angular velocity, 0 ≈ ΔΩ T , equation (8a) simplifies to:
Copyright © 2006 by ASME Continuing in the frequency domain, it is possible to re-express equation (9) 
The block diagram representation of this constant angular velocity resolution algorithm, as illustrated in Figure 2a , was used to develop a LabVIEW based version of this essential resolution algorithm.
Synchronous Vibration Measurements
It can be seen from equation (8e) that the frequency dependent weighting function, ( )
becomes infinite at synchronous frequency. At the same time it can be shown that the Vibrometer outputs terms in equations (8a) to (8d) become zero at synchronous frequency and it is not possible to establish a meaningful solution for the synchronous vibration component. This is not a limitation of the resolution algorithm but a fundamental feature of the synchronous velocity component sensed by the laser beam. As a consequence, all spectra presented have a gap at the synchronous frequency. As a further consequence, it may not always be meaningful to return from the frequency domain to the time domain since the synchronous component will be missing. For rotating machinery diagnostics, the inability to resolve the synchronous vibration component is a serious limitation to the use of Laser
Vibrometers for radial and pitch / yaw vibration measurement that must be acknowledged.
Note, however, that there is no such issue for measurement of axial or torsional / roll vibration.
It is also important to recognise that ( ) ω W is very large close to synchronous frequency and any additional content, such as measurement noise, will be amplified. In some situations, the level of this amplified spectral content may be equivalent to the genuine vibration velocity and may make the resolved output misleading. In such a situation it may be necessary to disregard a number of spectral components adjacent to the synchronous frequency component and this will be discussed in more detail in section 4.
CORRECTION ALGORITHM
Of course, in the presence of torsional oscillations, the accuracy of the constant angular velocity resolution algorithm will be compromised. Nonetheless, the amplitude of the oscillation-displacement term will still be small and the output of the constant angular velocity resolution algorithm will constitute a good vibration velocity estimate (at all nonsynchronous frequencies). It is then possible to use the integral of the first vibration velocity estimates and the rotational angular velocity and torsional oscillation measurements to create a first estimate of the oscillation-displacement term. Subtracting this from the initial vibration velocity estimate results in an improved estimate of the true vibration velocity. Repeating this procedure, it is possible to make increasingly accurate estimates of the true vibration velocity.
If the output of the constant angular velocity resolution algorithm is the first frequency domain estimate of vibration velocity,
after n iterations through the correction algorithm, can be written:
Copyright © 2006 by ASME As in section 3.2, it is possible to re-express equation (11) (and its equivalent for y & ) as follows:
where the n th estimates of the x and y vibration displacement, estn x and estn y , are given by:
(13b) Figure 2b shows the block diagram representation of equations (12a&b). As for the constant angular velocity resolution algorithm, a LabVIEW based version of this correction algorithm was developed. In a real Laser Vibrometer measurement, random noise will be present and, in a measurement on a rotor, pseudo-random noise associated with the laser speckle effect [20] will also be present in the output signal. Provided measurements are taken within the constraints that no information is available at synchronous frequency and that additional measurement content around synchronous will be amplified by the weighting function, the performance of the resolution algorithm is excellent and the technique may be implemented to generate valuable data when the rotor angular Copyright © 2006 by ASME velocity is constant. When the rotor angular velocity is not constant, however, the oscillationdisplacement and oscillation-offset terms, as described in section 3.1, may adversely affect the resolved outputs. For this reason, the correction algorithm is used to process all data to reduce the impact of the oscillation-displacement term and its performance is the subject of this next subsection.
FULL RESOLUTION ALGORITHM PERFORMANCE
CORRECTION ALGORITHM
For the fourth simulation, the alignment offsets, x 0 and y 0 , are zero and the angular velocity contains a broadband torsional oscillation/speed fluctuation with RMS amplitude of 210mrad/s (12deg/s) from 0 to 6 T Ω , equivalent to a significant torsional vibration [9] . The errors in the resolved vibration velocity after one iteration through the correction algorithm are typically significantly reduced, as shown in Figure 8b . Here, the outputs show vibration velocity peaks with identical frequency, amplitude that is correct to within 0.01% and phase that is correct to within 100µrad. After only three correction iterations, the errors may be considered insignificant as they are, in this case, reduced (by approximately three orders of magnitude) to at least five orders of magnitude lower than the genuine vibration peaks, as shown in Figure 8c . Here, the outputs show vibration velocity peaks with identical frequency, amplitude that is correct to within 0.001% and phase that is correct to within 1µrad! Further correction iterations show increasingly accurate outputs confirming that the correction algorithm is performing the correct manipulations and, further to this, more complex vibration schemes (same frequency, multiple frequency and broadband frequencies)
have been used to verify this performance.
The correction algorithm is formulated specifically to counter the effects of torsional oscillations and cannot, of course, correct for speckle noise or other noise present in the measurements or for the effects of alignment offsets. Consideration of the apparent velocity levels encountered reveals that both speckle noise and oscillation-offset errors introduce signal content that is, typically, at least one order of magnitude higher than the oscillationdisplacement errors. In the case of alignment offsets, this is easy to anticipate because these offsets, which cannot currently be measured, are likely to be an order of magnitude greater than the vibration displacements. Under such circumstances, no improvement through use of the correction algorithm is expected, nor is any seen. Of great importance, however, is that no amplification of these errors occurs as a result of using the correction algorithm. In reality, the engineer will not know how much each source of error is contributing to measured data.
The performance of the correction algorithm is such that all data can be processed through it
Copyright © 2006 by ASME and at frequencies where the oscillation-displacement error dominates improvement will be found and at frequencies where other error sources dominate no change will occur.
The final simulation presented considers a challenging but realistic scenario in which measured data contains oscillation-offset errors, oscillation-displacement errors and broadband noise (as target oscillation increases the pseudo-random nature of speckle noise shown in the second and third simulations is less pronounced and the noise becomes more random with a very marginally increased rms level). The difficulties in resolution are compounded by speed measurement error. Figure 9 shows the simulated Vibrometer output and Figure 10a shows how the constant angular velocity resolution algorithm performs well in eliminating the cross-sensitivity. Figure 10b shows how the correction algorithm results in neither a further improvement nor in amplification of noise in the resolved data. As in previous simulations, the weighting function in the resolution algorithm amplifies the additional content to significant levels around the synchronous frequency and data points around this frequency have been eliminated to prevent data misinterpretation. The vibration velocity peaks contain amplitude errors of the order of 10% and phase errors of the order of 10mrad.
ENGINE VIBRATION MEASUREMENTS
In this section, a series of Laser Vibrometer measurements on the crankshaft pulley of a 4-stroke, 4-cylinder, 2-litre petrol engine are presented. The full resolution algorithm was implemented to obtain, for the first time, real-time resolved radial and pitch / yaw vibration measurements. Each set of measurements was obtained using a pair of Polytec OFV4000
Laser Rotational Vibrometers, either configured to measure translational vibration velocity Copyright © 2006 by ASME (by reflecting one beam directly back into the instrument with a "single point adapter" lens cap) or, using both beams, to measure angular vibration velocity. In addition to this, the resolution technique requires an independent measurement of the target rotational angular velocity which in this work was obtained directly from the engine crankshaft pulley using a
Brüel & Kjaer Torsional Vibration Meter Type 2523.
The type of experimental arrangement used is shown, with exaggerated laser beam paths, in Figure 11 . The positions of the instruments were arranged carefully using tripods such that alignment offsets were minimised. As examples of the data obtainable, Figures 12a&b show, in waterfall format, a series of x radial and yaw measurements, respectively, obtained with the engine operating at full throttle across a range of speeds, i.e. under varying load. Three iterations around the correction algorithm have been applied to these data.
As expected for this type of engine, significant vibration occurs mostly at ½x engine orders with larger peaks at 2x engine orders. In the radial measurement, it is apparent that the 2x engine speed vibration component, the amplitude of which increases steadily with engine speed, is generally the most significant. Of the other 2x harmonic components, both figures show that vibration levels are generally the highest when the engine order coincides with the crankshaft natural frequencies (around 400Hz in this case). Such detailed information is difficult to obtain by other means, emphasising the potential of Laser Vibrometry to provide valuable data under challenging operating conditions.
Features of importance or interest in these resolved outputs include the fact that data has been eliminated in each spectrum in the region around synchronous frequency, resulting in the presence of a flat (zero level) in the spectra. The characteristic shape of ( ) ω W is not easily observed in Figure 12a because the vibration velocities are high relative to noise levels but it is particularly evident in Figure 12b where vibration velocities are relatively lower and the relatively high noise levels become evident around synchronous frequency.
CONCLUSIONS
This paper has set out the theoretical basis of a novel and essential post-processing algorithm intended to resolve the cross-sensitivities encountered when Laser Vibrometer measurements of radial and pitch / yaw vibrations are taken directly from rotors. The full resolution algorithm, which processes all data in the frequency domain, comprises the fundamental resolution algorithm, based on an assumption of constant rotational angular velocity, followed by a correction algorithm to account for any time-dependency in angular velocity.
The algorithm functions perfectly under ideal conditions with small but acceptable errors apparent when common problems of measurement noise, principally speckle noise, and errors in rotational angular velocity measurement are included. The data presented have also highlighted the need for reduction of alignment offsets and speckle noise levels as the next technological challenges to lower the minimum measurable velocities for this application.
Features of the resolved data include a gap in the data at the synchronous frequency, where it is fundamentally impossible to resolve the data, and increased noise levels around the synchronous frequency. The increased noise levels have led the authors to adopt the practice of eliminating data points at frequencies within 10% of synchronous to prevent presentation of data that might mislead. Within this limitation, simulation and real measured data has indicated that the engineer can expect a minimum measurable velocity below 0.5mm/s close to synchronous frequency and between 10-100μm/s elsewhere. Equivalent figures for angular vibrations are from 5-10deg/s around synchronous frequency down to 0.1-1deg/s elsewhere.
Copyright © 2006 by ASME These are respectable figures and, because the whole process is transparent to the engineer who is simply presented with resolved data and thus needs no specialist knowledge of the data manipulation, this system has tremendous potential in rotating machinery diagnostics.
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